Time periodic modulations of the transverse field in the closed XY spin-1 2 chain generate a very rich dynamical phase diagram, with a hierarchy of Zn topological phases characterized by differing numbers of Floquet-Majorana modes. This rich phase diagram survives when the system is coupled to dissipative end reservoirs. Circumventing the obstacle of preparing and measuring quasi-energy configurations endemic to Floquet-Majorana detection schemes, we show that stroboscopic heat transport and spin density are robust observables to detect both the dynamical phase transitions and Majorana modes in dissipative settings. We find that the heat current provides very clear signatures of these Floquet topological phase transitions. In particular, we observe that the derivative of the heat current, with respect to a control parameter, changes sign at the boundaries separating topological phases with differing non-zero numbers of Floquet Majorana modes. We present a simple scheme to directly count the number of Floquet-Majorana modes in a phase from the Fourier transform of the local spin density profile. Our results are valid provided the anisotropies are not strong and can be easily implemented in quantum engineered systems.
Introduction -Recent developments in quantum engineering [1] offer remarkable possibilities to probe physics in strongly out-of-equilibrium regimes. Particularly interesting from this perspective are periodically driven quantum systems also known as Floquet systems. Floquet systems, on the one hand open up fundamental questions about non-equilibrium steady states [2] and on the other offer a rich toolbox to explore new dynamical phases of matter. Examples of the latter include dynamically induced superfluid-Mott insulating transitions in optical lattices [3] , coherent destruction of tunneling [4, 5] , as well as dynamical many-body phases of parametrically driven systems with no static counterparts [6] .
Periodic driving also offers the intriguing possibility of dynamically generating exotic topological excitations in otherwise topologically trivial systems [7] [8] [9] [10] . One of the most well known topological excitations are zero energy Majorana modes which, for example, occur as localized edge modes in static Kitaev models [11] . The non-abelian braiding statistics of Majorana modes makes them promising candidates for topological quantum computation [12, 13] . However, direct observations of these Majorana modes in quantum wires are challenging because of their intrinsic weak charge coupling. Indirect observations based on spectroscopy or interferometric measurements in proximitized semiconductor nanowire devices [14] [15] [16] [17] [18] or hybrid superconducting-quantum interference devices [19] are still debated as the signals are hard to distinguish from the contributions of other processes like Andreev bound states and the Kondo effect [18, 20] .
Recently, it was shown that a hierarchy of Floquet Majorana fermions (FMF) could be generated in an isolated spin-1 2 (fermionic) chain subject to a periodically varying magnetic field (chemical potential) [13, 21, 22] . These exotic emergent and out-of-equilibrium modes are dynamically generated in the Floquet quasi-energy spectrum but retain familiar topological characteristics, like winding numbers. Toy models of FMF's were shown to lead to novel sum rules for differential conductance evaluated over all the quasi-energies in driven topological insulators [23, 24] . However, practical realizations of transport based schemes to evaluate these sum rules are hampered by difficulties in preparing the system in the appropriate energy interval [8] , garnering a clear knowledge of chemical potential bias [25] and extracting all quasi-energies simultaneously [10] . Proposals for clear and universal signatures of Majorana modes, both inand out-of-equilibrium are thus very desirable.
In this Letter, we study a driven dissipative spin chain where a hierarchy of Floquet Majorana excitations and associated topological phase transitions can be induced in a controlled manner [22] . The possibility to easily tune in and out of different topological phases makes them ideal systems for measuring exotic excitations. We construct stroboscopic observables allowing us not only to distinguish phases with different FMF's but also to count their number. Our work offers a direct generalization of dynamically generated topology to more realistic open systems and obviates the need for special initial state preparations and fine tuning. We show that the stroboscopic heat current in this dissipative setup provides very clear signatures of the cascade of transitions between topological Z n phases with differing numbers of FMF's. Moreover, the number of FMF's can be directly obtained from the stroboscopic spin density. Model -We consider a spin- 
where σ a n with a = {x, y, z} is the Pauli matrix at site n. The exchange couplings are parametrized as J x = γ−∆ 2 and J y = γ+∆ 2 and µ is the time dependent transverse magnetic field. Via a Jordan-Wigner transformation [26] , the spin chain Hamiltonian (1) can be mapped onto that of a fermionic model describing a p-wave superconductor [11] or equivalently, can be rewritten in terms of 2N Majorana fermions w i
where the Majorana operators w i satisfy the anticommutation relations {w i , w j } = 2δ ij . In the absence of driving, the closed XY-model in a field exhibits three distinct phases, two of which have nontrivial and opposite topology. Specifically, in the topologically nontrivial phase for | µ γ | < 1, zero-energy Majoranas appear at the ends of the chain [11, 22] . For the case of the transverse field Ising model, corresponding to γ = ∆, periodic modulations of the transverse field were recently shown to induce a multitude of FMF's for a wide range of system parameters, even when the undriven phase has trivial topology [22] . This is analogous to the generation of Floquet topological insulators from non-topological band insulators [7, 27] .
We consider the case of delta-function driving, modeled as µ(t) = µ 0 +µ 1 n∈Z δ(t−nT ) where T is the period of the drive. The ensuing Floquet time-evolution operator over one period in the Majorana basis is given by a time-
By assuming periodic boundary conditions or an infinite chain, the Floquet operator then decouples into twodimensional matrices described by the quasi-momentum k [21, 22, 28] :
Typically, the number of generated FMF's is obtained by a direct evaluation of the topological winding num-
, with Pauli matrices τ y,z [22, 32] . Here, we show that the generation of FMF's can easily be understood via an analysis of the stationary points of the underlying Floquet energy dispersion. The eigenvalues e iθ k of the Floquet operator U k can be compactly written as
with
. These results can easily be generalized to the case of multi-step driving.
The eigenvalue equation for θ k can be understood as a counterpart of the equation for Floquet quasienergies α (k), defined as the eigenvalues of the operator H(t) − i ∂ t in k-space (or equivalently the exponent of the time-periodic Floquet wave function). At topological transitions, quasi-energy gap closings in α (k) translate into the appearance of non-trivial stationary points in θ k . We find that the number p of stationary points k * , defined as dθ k /dk| k=k * = 0 in the interval 0 < k ≤ π directly yields the number of FMF's. For given values of ∆ and µ 0 , mapping the number of stationary points as a function of (T, µ 1 ) provides a complex phase diagram shown in Fig. 2a ) and e) with each phase being characterized by its own number of FMF's. Consequently, different FMF sectors are linked by a topological phases transition of the Lifshitz kind [29] .
These dynamical phase diagrams clearly illustrate that Floquet systems exhibit a rich and varied Z n topology that has no counterparts in the undriven system. However, any study of FMF's in an experimental context requires taking into account dissipation and also identifying accessible physical observables. To this end, we couple the chain to two Markovian baths at the ends (see figure  1) . For a weak coupling between the chain and the two reservoirs, the system realizes a non-equilibrium steady state (NESS). In this weak coupling limit, we expect the time-evolution of the system's density matrix ρ to be governed by the master equation in Lindblad forṁ
where H(t) is the periodically driven Hamil-
) describe the effect of the coupling to the baths in terms of jump-
1,2 (t) completely characterize the effect of the bath on the system [30] and are in principle time-dependent. In the limit of weak dissipation and for the pulsed driving studied we can apply the time convolutionless approximation for periodically driven systems [31] and show that the assumption of time independent rates for our model is qualitatively justified, particularly for finite sized systems. Furthermore, the explicit inclusion of time periodic rates in the form of delta kicks does not lead to any significant deviation from the results using constant coefficients. Consequently, this choice of bath imposes a net incoherent magnetization of the end spins along the z direction in the absence of any spin-spin interactions. We mention that the directions of this imposed magnetization can generally lead to very different scenarios for certain observables in the steady state. Rewriting the dissipators described above in the Majorana representation [30, 32] , we find that equation (5) for the time evolution of the density matrix can be recast as an equation for the covariance matrix C ij (t) ≡ Tr[w i w j ρ(t)] − δ ij . The covariance matrix C satisfies, (6) where the r.h.s can be evaluated using Wick's theorem since both H andD are quadratic in Majorana fermions.
Although the full time dependent equation is not easy to solve, the stroboscopic behavior of the covariance matrix in the steady state can be obtained using Floquet theory. Firstly, in the steady state, the stroboscopic covariance matrix C F = C(0) = C(T ) will no longer depend on the initial conditions and will fully exhibit the periodicity of the underlying drive. Following the treatment of Ref [30] , the steady state behavior of the covariance matrix can be shown to be governed by the discrete Lyapunov equation [33] 
where the matrices Q and P depend on the nature of the driving[32]. Solving this Lyapunov equation then helps us obtain various stroboscopic observables as a function of C F . In the absence of an order parameter to track the topological phase transitions in our spin chains, a weighted sum of the covariance matrix called the residual correlator C res ∝ |j−k|≥N/2 |C j,k | has been shown to play the role of an effective order parameter which tracks the stationary point phase diagram [30] . The structure of C res was already shown to give a one-to-one correspondence to the stationary points phase diagram in Ref. [30] . Ref. [30] however, did not relate this result to the topological nature of the transitions nor to the generation of FMFs. Figs. 2b) and f) show that the underlying stationary point phase diagram seen in the closed system survives even in the presence of dissipation, though the phase boundaries are mildly shifted. Unfortunately, although C res indicates the boundaries delineating regions with differing FMF's, it does not indicate the number of FMF's in each zone nor is it an easily accessible experimental observable. A natural observable would be stroboscopic spin correlation functions, which can be easily obtained from C F . However, these are not good trackers of the phase transitions as the associated signatures are weak. Charge transport, on the other hand has caveats as highlighted in the introduction.
We now show that a good candidate to probe the hierarchy of topological phase transitions and obtain observable signatures related to the number of FMF's is the heat transport across the chain in the non-equilibrium steady state (NESS). The heat currents from and to the reservoirs can be obtained from the first law of thermodynamics dU = δQ+δW , where δQ is the change in heat and δW is the change in work. The rate of change of the internal energy is given in terms of ρ is given by
The first term is related to the power of the system, while the second corresponds to the change in heat. The Lindblad equation for the density matrix (5) leads to the following definition of the heat current: [34] . Note that the direction of the current is implicitly contained in J L and J R by defining the quantities as the flow of heat from the reservoirs into the system. Using the Majorana basis and (6), the stroboscopic heat current of the left reservoir can be simply expressed in terms of the covariance matrix
Our results for the stroboscopic heat current J L are shown in Fig. 2 for different driving parameters and weak static field µ 0 . In Figs. 2a ) and e), the corresponding Lifshitz points phase diagrams indicating the number of FMF's are plotted. Figs. 2b), 2f) resp. 2c), 2g) show the behaviours of C res resp. J L across the phase diagram. Clearly, C res delineates the different topological phases even in the presence of dissipation. Reversals of the heat current flow in topological phases with nonzero FMF's are clearly seen. This is essentially due to driving and depends on the choice of bath parameters Γ L,R 1,2 within a FMF phase. To see specific features of the heat current at these topological phase boundaries we consider the vertical cuts plotted in Figs. 2d) and h) . Typically, amplitudes of the heat current decreases as the number of FMF's increases. We find that, at the phase boundaries between two phases with differing non-trivial topology, the slope of the heat current, with respect to the tuning parameter, changes sign. On the other hand, transitions between a zero and a nonzero FMF phase are tracked by either changes in sign or discontinuities in the slope of the heat current.
Away from the transitions, the quasi-energy spectra is completely gapped and the heat transport is essentially mediated by FMF's. The high-frequency oscillations in the heat current are due to finite size effects and decrease with increasing N . This change in sign of the slope of the heat current with respect to the control parameter effectively tracks the parity of the phase and is valid for any cut in the phase diagram. Since the actual sign of the heat current is determined by the bath parameters, it is not possible to assign a fixed parity to a phase, rather heat current is sensitive only to changes in parity. Consequently, one cannot ascertain whether a given phase has even or odd number of FMF's. For certain bath parameters, the heat current can indeed change sign within a given topological phase without a concomitant change in the sign of the slope of the current.
Analogous conclusions can be drawn from the analysis of the heat current from the right reservoir or the net heat flow J L + J R . It is important to note that the net heat flow is not necessarily zero, since the driving has the effect of injecting energy into the system, which can then preferentially extract or dump excess heat in one or the other reservoir, depending on the physical state of the chain and the details of the baths. To summarize, the heat current is a sensitive detector of the topological phase transitions for a wide range of static magnetic fields, provided the anisotropy ∆ ≤ 0.5, whereas the signals lose their precision for high-anisotropy states.
It is reasonable to expect other observables to be sensitive to these phase transitions. An example in the dissipative set up studied here is the spin current. Using the formalism described here, we find that though the spin current at the ends manifests changes at the phase boundaries, these were found to be far too weak to provide the requisite smoking gun evidence. The heat current is far more sensitive an observable.
We now show that the number of FMF's in any phase can directly be read off from the Fourier transform of the spatial spin profile σ z i . In the driven setup considered here, the spin profile away from the edges is distinctly non-uniform in all the nontrivial Floquet topological phases. This is because the FMF's are not localized in the spin language. The Fourier transform of the spin profile is plotted in Fig. 3 for several values of the driving intensity across the cut at period T = 1.0. We see that the presence of FMF's is manifested by the appearance of pronounced peaks which correspond to superpositions of the modulations of the spin profile at different k vectors. Note that in Fig. 3 , the central peak corresponding to the uniform background has been removed to facilitate the visualization of the other peaks. As the control parameter is varied, these symmetric pairs peaks move smoothly either move towards the origin or away from it. The green arrows in figure 3 indicate the direction of the movement as the intensity of the driving is increased. Peaks are destroyed or created at zero momentum, indicating that coherent spin modulations appear/disappear above a uniform background signaling the creation or annihilation of FMF's. The total number of peaks with k = 0, obeys N = 2p where p is the number of FMF's in the given phase determined by the control parameters. As for the heat current, this counting of FMF from the spin density is robust for small anisotropies. At higher anisotropy (∆ > 0.5) and higher periods (T > 2.0) the correspondence between localized peaks and FMF's loses its precision as new peaks appear at fixed momenta, possibly corresponding to other forms of excited many-body states.
We now discuss a plausible physical connection between heat current and the peaks that appear in the Fourier transform of the spin density profile. Typically a peak in the Fourier transform signals coherent modulations of the spin density with a driving-dependent wavelength which can carry energy from one end of the chain to the other, with higher-wavelength modulations carrying more energy than lower-frequency ones. However, having more peaks does not automatically translate to increased energy transport as multiple FMF's can lead to destructive interference or standing waves in the spin profile modulations, reducing the ability of the system to carry heat. This feature is highlighted for instance at T = 2.0 and µ 1 in figure 3 , where the two Fourier peaks resonate at the same wavelength and simultaneously the heat current is zero.
Conclusions -In conclusion, we have shown that the hierarchy of topological phase transitions generated in a periodically driven dissipative system can be easily detected via heat transfer. The heat/energy current that flows through the chain in its NESS tracks the series of phase transitions generated when Floquet Majorana modes are created or destroyed. Furthermore, the spin density profile provides a simple way of counting the number of Floquet modes present in a phase. Direct detection of exotic Majorana modes is consequently easier, as the ability to tune through the cascade of phase transitions automatically eliminates the question of distinguishing other modes -like Andreev bound stateswhich mimic the Majorana modes. Furthermore, spin chains can be simulated in quantum engineered systems either using trapped ions [35] or flux qubits [36] , where many such units can be combined to realize potentially long chains. Both systems offer a controllable ways to apply periodic magnetic fields. The FMF counting scheme can be easily implemented in trapped ions using single site fluorescence. The switching of the stroboscopic heat current seen in this system opens up the intriguing possibility of using Floquet Majorana phases to devise both quantum heat engines or heat pumps. To establish such topology driven functionality, more in-depth studies of the work done during a time period as well as the influence of time dependent dissipative coefficients are required, which is beyond the scope of the present paper. Future directions involve the study of interactions and the role played by dephasing of the spins on the robustness of the FMF's discussed here as well as signatures specific to such dynamically induced topological phase transitions. It would be interesting to study how the richness of the phenomena seen in this simple one dimensional chain generalize to models in higher dimensions.
